Covering group theory for compact groups  by Berestovskii, Valera & Plaut, Conrad
Journal of Pure and Applied Algebra 161 (2001) 255–267
www.elsevier.com/locate/jpaa
Covering group theory for compact groups
Valera Berestovskiia, Conrad Plautb ;∗
aDepartment of Mathematics, Omsk State University, Pr. Mira 55A, Omsk 77, 644077, Russia
bDepartment of Mathematics, University of Tennessee, Knoxville, TN 37919, USA
Received 27 May 1999; received in revised form 27 March 2000
Communicated by A. Carboni
Abstract
We present a covering group theory (with a generalized notion of cover) for the category of
compact connected topological groups. Every such group G has a universal covering epimorphism
 : 2G → G in this category. The abelian topological group K1 (G):=ker  is a new invariant
for compact connected groups distinct from the traditional fundamental group. The paper also
describes a more general categorial framework for covering group theory, and includes some
examples and open problems. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: Primary: 22C05; 22B05; secondary: 22KXX
1. Introduction and main results
In [1] we developed a covering group theory and generalized notion of fundamental
group that discards such traditional notions as local arcwise connectivity and local
simple connectivity. The theory applies to a large category of “coverable” topological
groups that includes, for example, all metrizable, connected, locally connected groups
and even some totally disconnected groups. However, for locally compact groups, being
coverable is equivalent to being arcwise connected [2]. Therefore, many connected
compact groups (e.g. solenoids or the character group of ZN ) are not coverable. In
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this paper, we use diKerent methods to develop covering group theory for the category
K of compact, connected topological groups. The present theory and the earlier one
Lt into a more general categorial framework (Remark 2).
Notation 1. All groups are HausdorK with identity e. The identity component of a
topological group G is denoted by Ge. A homomorphism between topological groups
is assumed continuous. The word “epimorphism” simply means a (continuous) sur-
jective homomorphism. By a traditional cover we mean an open epimorphism with
discrete kernel. S will denote a connected, simply connected, compact simple Lie
group (possibly trivial). 	 will denote the universal solenoid, i.e. 	 is isomorphic to
lim←−(T; 
) where each T is isomorphic to the circle group T and the inverse system
consists of all traditional covers 
 :T → T. For any topological group G; G will
denote the direct product of  copies of G (if = 0 then G is trivial). By 1(G) we
mean the group of homotopy-equivalence classes of loops based at e (which is deLned
for any topological group G).
The following notion was introduced and studied in [3,1].
Denition 1. Let G;H be topological groups. A cover 
 :G → H is an open epimor-
phism with central, prodiscrete (i.e. an inverse limit of discrete groups) kernel.
An idea similar to this was considered by Kawada [10], but his deLnition does not
require completeness of the kernel (this is a consequence of prodiscreteness in our
deLnition) and is therefore too weak. For example, in [1] we give a counter example
to the uniqueness theorem for universal covers stated in [10].
For compact groups the notion of cover is particularly simple due to the following
well-known facts: (1) A compact group is prodiscrete (indeed proLnite) if and only
if it is totally disconnected. (2) Any epimorphism  :G → H , where G is compact,
is open, and (3) any totally disconnected normal subgroup of a connected (locally)
compact group is central. Therefore covers between compact connected groups are
simply epimorphisms with totally disconnected kernel. In addition, the composition of
covers between compact groups is a cover (whether this is true for topological groups
in general is a seemingly diMcult open question, see [1]). In fact, suppose  :G → H
and  :H → K are covers, with G ∈K. Then certainly ◦ is an open epimorphism. If
K1:=ker  ; K2:=ker , and K3:=ker(◦ ) then K1 (being central) is normal in K3, and
K3=K1 is isomorphic to K2. Since K2 is totally disconnected, (K3)e⊂K1, and so (K3)e is
trivial because K1 is totally disconnected. By deLnition K3 is totally disconnected. We
therefore have a full subcategory cK of compact groups with covers as morphisms,
and we can ask whether there is a universal object in this category for each compact
connected group.
Denition 2. Let  : 2G → G be a cover, 2G;G ∈K. We call 2G a K-universal cover
of G and  a K-universal covering epimorphism of G if for any K ∈K and cover
 :K → G there is a cover ′ : 2G → K such that  ◦ ′ = .
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Denition 3. A group G in K is called simply connected in K if for every homo-
morphism h :G → H and traditional cover f :K → H , where H;K ∈ K, there is a
homomorphism h′ :G → K such that f ◦ h′ = h.
Remark 1. The homomorphism h′ in DeLnition 3 must be unique. In fact, if h′′ :G →
K is a homomorphism satisfying f ◦ h′′ = h then because kerf is discrete, h′ and
h′′ agree locally and hence everywhere since G is connected. Also, it follows from
Proposition 1 below that the homomorphism ′ in DeLnition 2 is unique with respect
to the property  ◦ ′ = .
The uniqueness discussed in Remark 1 implies that  : 2G → G is a K-universal
covering if and only if 2G is a universal object in the category cK. Standard arguments
imply that, for any G, the universal object 2G is unique; therefore, we can refer to “the”
K-universal cover of a group G.
Denition 4. Suppose G ∈K and there exists a (unique) K-universal covering epi-
morphism  : 2G → G in K. We call the central (hence abelian) subgroup ker  of 2G
the K-fundamental group of G, and denote it by K1 (G).
Note that K1 (G) is a topological group that may not be abstractly isomorphic to
the classical fundamental group, and can sometimes distinguish between groups when
the classical fundamental group cannot (see examples at the end of this paper).
Theorem 1. Let 2G ∈K and suppose  : 2G → G is a cover. Then  is a K-universal
covering epimorphism if and only if 2G is simply connected in K. Moreover; for any
G ∈K; such a cover always exists and 2G is of the form ∏ S × 	.
Theorem 2. If G ∈K is arcwise connected then K1 (G) is a pro;nite completion of
1(G).
Theorem 3. Let G;H ∈ K and  :G → H be a homomorphism. Then there is a
unique homomorphism 2 : 2G → 2H such that; if  : 2G → G and  : 2H → H are the
compact universal covering epimorphisms then  ◦ 2 =  ◦ . Moreover;  is a cover
if and only if 2 is an isomorphism.
Denition 5. Suppose G ∈ K and 2G = ∏∈ S × 	. We deLne dimG to be the
cardinality of the set
⋃
∈ [dim S] ∪ [] ([m] denotes a set of cardinality m).
Note that for locally compact groups, all the usual deLnitions of topological dimen-
sion coincide [12]. If G is a locally compact group and N is a closed subgroup of G
then [6,17]
dimG = dimN + dim(G=N ):
258 V. Berestovskii, C. Plaut / Journal of Pure and Applied Algebra 161 (2001) 255–267
(For this formula we consider dimension to be simply either Lnite or inLnite, with the
usual conventions when it is inLnite.) Prodiscrete groups, which have a basis of open
and closed subgroups, are zero-dimensional (cf. [9]). Therefore, it follows from the
above dimension formula that covers preserve Lnite dimension, and so the above notion
of dimension coincides with topological dimension when either of these quantities is
Lnite. From Theorem 3 we obtain, for arbitrary dimension:
Corollary 1. If G;H ∈K and  :G → H is a cover then dimG = dimH .
If G is an abelian topological group we denote by Gˆ its character group (i.e. the
group of all (continuous) homomorphisms  :G → T with the compact-open topology).
We review some facts from Pontryagin duality in Section 3. Let Q denote the Leld
of rational numbers with its usual sum and the discrete topology. If H is an abelian
group we let Q⊗Z H denote the tensor product of H with Q, considered as an abelian
group with the discrete topology (from now on we omit the subscript Z). Recall that
if G is a compact connected abelian group then Gˆ is torsion free and discrete and so
there is a natural inclusion g → 1⊗ g of Gˆ into Q⊗ Gˆ.
Theorem 4. If G ∈K is abelian; then K1 (G) is isomorphic to (Q⊗̂Gˆ)=Gˆ.
Note that by the uniqueness of Theorem 1, given any cover  :	 → G, we must
have that =  and ker  is isomorphic to ker . An application of Pontryagin duality
leads to:
Corollary 2. Let A be a torsion-free abelian group; V be a vector space over Q; and
i :A→ V be any (abstract) monomorphism such that V=A is a torsion group (this is
true if A and V have the same ;nite rank). Then V=A is isomorphic to K1 (Aˆ). In
particular V=A depends (up to isomorphism) only on A.
Let P denote the PrDufer group Q=Z with the discrete topology. For any abelian
topological groups G and H , let Hom(G;H) denote the group of all (continuous)
homomorphisms from G to H with the compact-open topology.
Theorem 5. Let G ∈K be abelian. There is a commutative diagram
0−−−→ Hom(P;G) i
′
−→ Hom(Q; G) 
′
−→ Hom(Z; G) −−−→ 0 f1
 f2
 f3
0−−−→ K1 (G)
i−−−−−→ 2G −−−−−→ G −−−−−→ 0
(1.1)
where i; i′ are the natural inclusions;  is the K-universal covering epimorphism; ′
is induced by restriction; f3 is the canonical (topological) isomorphism  → (1)
for  ∈ Hom(Z; G) and f1; f2 are (topological) isomorphisms. In particular; if  ∈
Hom(Q; G) then f3 ◦ ′( ) =  (1).
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We note that the above diagram is analogous to the following known diagram for
arcwise connected locally compact abelian groups (cf. [8,2]):
0 −−−→ Hom(T; G) j
′
−→ Hom(R; G) 

′
−→ Hom(Z; G) −−−→ 0 g1
 g2
 g3
0 −−−→ 1(G)
j−−−→ G˜ 
−−−→ G −−−→ 0
(1.2)
where the vertical maps are again isomorphisms, j is the inclusion, 
 is the universal
O-covering epimorphism of G (cf. [2]), Hom(R; G) is by deLnition the Lie algebra of
G, and exp:=g3 ◦ 
′ is the exponential map, which satisLes, for any  ∈ Hom(R; G),
exp( ) =  (1).
Let Zp denote the p-adic integers; then Pˆ ≡
∏
p∈P Zp (cf. [7]) where P is the set
of all primes. An application of Pontryagin duality to Theorem 5 yields:
Corollary 3. If G ∈K is abelian then
K1 (G) ≡ Hom(P;G) ≡ Hom(Gˆ;
∏
p∈P Zp) ≡
∏
p∈P Hom(Gˆ;Zp):
Theorem 6. Let G be a compact; abelian; connected group. Then G is of the form
lim←−((T
); ); where each  : (T) → (T) is a cover with ;nite kernel; and
=dimG. If G is metrizable then we can take the family ((T); ) to be countable
and totally ordered.
Remark 2. Let T denote the category of all topological groups with (continuous) ho-
momorphisms as morphisms, and let C denote any full (i.e. with the same morphisms)
subcategory of T satisfying the following four conditions:
1. Every G ∈ C is locally generated (generated by each neighborhood of e).
2. If G ∈ C and K is a closed normal subgroup of G then G=K ∈ C.
3. If  :G → H is a cover and G ∈ C then ker  is central.
4. If  :G → H and  :H → K are covers, with G ∈ C then  ◦  is a cover.
It is well-known that connected groups are locally generated, and for locally compact
groups, locally generated and connected are equivalent. However there are interesting
topological groups that are locally generated but not connected (even totally discon-
nected, cf. [14]). In addition, our recent work suggests that algebraic=topological condi-
tions like locally generated, coverable, or prodiscrete are more natural and appropriate
for the study of topological groups than purely topological assumptions like connected,
locally connected, or totally disconnected.
The fourth condition implies that there is a subcategory cC of C having the same
objects, with covers as morphisms. For such a category, DeLnitions 2 and 3 make
sense. We can ask about the existence of universal and simply connected covers in C,
and similarly deLne the fundamental group C1 (G) for any group in C which has a
universal cover. Several results of this paper are true with essentially the same proofs
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for categories satisfying the above four properties (all parts of the proofs that require
a connected group are true more generally for a locally generated group). SpeciLcally,
Remark 1, Proposition 3 and Lemma 1 are true as stated. In addition, Proposition 1
remains true except that the image of 
′ may only be dense (and hence it may not be
a cover), and one implication (necessity) of Proposition 4 is true.
The covering group theory for K in the present paper falls in this more general
framework. In [1] we deLned a group G to be locally deLned in T if there exist
arbitrarily small symmetric neighborhoods U of e in G such that any local group
homomorphism from U into any H ∈T extends uniquely to a homomorphism deLned
on all of G. We deLned a full subcategory O of T, called coverable groups, consisting
of all quotients of groups that are locally deLned in T, showed it satisLes the above
four properties, and showed the existence of an O-universal cover 
 : G˜ → G for every
G ∈ O. In addition, a group H is an O-universal cover of a coverable group if and
only if H is locally deLned in T. The strong contrast between the results and methods
used for K versus those for O is best illustrated by the following fact: 	 is not locally
deLned inK (or T). To see why, let H=T ∈K and V ≡ I×K be a neighborhood of
	 where K is a compact group and I is a symmetric real interval. Then certainly there
is a collection C of cardinality the continuum of distinct local group homomorphisms
 :V → T with K=ker  . If U ⊂V is any symmetric neighborhood of e in G then the
restrictions of distinct elements of C are again distinct, so there are at least a continuum
of distinct local group homomorphisms  :G → T. However, Hom(	;T) = 	ˆ = Q is
countable (see Section 3), so some such  cannot be extended.
At the end of the paper we give some examples and open problems.
2. The general case
Proposition 1. Let G;H; K ∈ K and 
 :G → H ,  :K → H be covers. Suppose

′ :G → K is a homomorphism such that  ◦ 
′ = 
. Then 
′ is the unique such
homomorphism; and 
′ is a cover.
Proof. Suppose that 
′′ :G → H is a homomorphism such that  ◦ 
′′ = 
. First
suppose that  is a traditional cover. Consider the subgroup G′ of G consisting of
all x ∈ G such that 
′(x) = 
′′(x). To show 
′ is unique, it suMces to prove that
G′ is open, since G is connected. Let V be a neighborhood of e in K such that the
restriction of  to V is one-to-one, and let W be a neighborhood of e in G such that

′(W ); 
′′(W )⊂V . Then certainly W ⊂G′ and so G′ is open.
Since ker
′ is a closed subgroup of ker
, ker
′ is prodiscrete (cf. [1]). In the
present case, when ker  is discrete, it also follows easily that 
′ is open. Since K is
connected, 
′ must be an epimorphism hence a cover.
Now, suppose  is an arbitrary cover and y:=
′(x) = 
′′(x):=z for some x ∈ G.
Since ker  is prodiscrete there is an open subgroup ) of ker  such that yz−1 ∈ ).
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Since ker  is central, ) is normal in K , and K=) ∈K. Let  :K → K=) and  :K=) →
H denote the natural quotient homomorphisms. Since ) is open in ker  ;  has discrete
kernel. By the special case considered above, there is a unique homomorphism  :G →
K=) such that  ◦  = 
. However, each of  ◦ 
′ and  ◦ 
′′ satisLes this property,
and  ◦
′(x)=(y) = (z)= ◦
′′(x), a contradiction. Therefore 
′ is unique. Since
ker
′ is a closed subgroup of ker
; ker
′ is prodiscrete.
We Lnish the proof by showing that the (compact) group 
′(G) is dense in K .
Let x ∈ K; x = e and suppose U is a neighborhood of x in K . Let ) be an open
subgroup of  such that )⊂ x−1U . In the notation of the previous paragraph, there
is a homomorphism  :G → K=) such that  ◦ = 
. Since K=) is locally generated,
it follows as in the second paragraph above that  is surjective. If (z) = (x) then
x−1
(z) ∈ ker ⊂ x−1U , so 
′(x) ∈ U .
The next proposition was proved as Proposition 80 [1].
Proposition 2. Let  :G → H be a cover between topological groups G;H ∈ K.
Then G is isomorphic to lim←−(G=K; ); where {K} is the collection of all open
subgroups of ker  and  is the natural traditional cover; for K⊂K.
Remark 3. Note that since K is open in ker  the natural quotient epimorphism
  :G=K → H is a traditional cover.
Proposition 3. A group G ∈ K is simply connected in K if and only if for every
homomorphism h :G → H and cover p :K → H; where H;K ∈K; there is a unique
homomorphism h′ :G → K such that p ◦ h′ = h.
Proof. SuMciency is obvious. Suppose that G is simply connected in K, and let h and
p be as in the statement of the proposition. By Proposition 2 K =lim←−(H:=K=K; ),
where {K} is the collection of open subgroups of kerp, and the natural quotient
epimorphism p :H → H has discrete kernel. By DeLnition 3 (and Remark 1) there
exists a unique homomorphism h :G → H such that p ◦ h = h. Let h0 = h. If  ≤ 
then by uniqueness we must have h ◦  = h. By the deLnition of the inverse limit
there is a unique homomorphism h′ :G → K such that  ◦ h′ = h, and in particular
(for  = 0) p ◦ h′ = h. To prove uniqueness, let h′′ :G → K satisfy p ◦ h′′ = h. Then
p ◦  ◦ h′′ =p ◦ h′′ = h. By the uniqueness of h; h =  ◦ h′′. But h′ is unique with
respect to this last property, so h′ = h′′.
Proposition 4. Let G ∈K. Then G has aK-universal covering epimorphism  : 2G →
G if and only if 2G is isomorphic to lim←−(G; ); where the inverse limit is taken over
all G ∈ K such that there is a traditional cover  :G → G. Here  ≤  if and
only if there is a traditional cover  :G → G.
Proof. Let  :G → G be a traditional cover. Then by Remark 1 there is a unique
cover  : 2G → G such that =◦. Note that since ker =ker  is isomorphic to the
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discrete group ker ; K:=ker  is an open subgroup of ker . We claim that K⊂K
if and only if there is a cover  :G → G. If there is a cover  :G → G then by
uniqueness, we must have  =  ◦ , and so K⊂K. Conversely, if K is an open
subgroup of ker , then there is a traditional cover  :G → G, where G:= 2G=K. If
K⊂K then there is a natural traditional cover  :G → G, completing the proof
of the claim. To see that the indexing set is directed, note that if K and K are open
subgroups of ker  then K*:=K ∩ K is an open subgroup of ker  and * ≥  and
* ≥ . Therefore, lim←−(G; ) is naturally identiLed with lim←−( 2G=K; ), which by
Proposition 2 is isomorphic to 2G.
The converse follows from Propositions 2 and 1.
The next lemma follows readily from the fact that a homomorphism deLned on a
direct product is uniquely deLned by its restrictions to the factors.
Lemma 1. Let G :=
∏
G ∈K be the direct product of groups G ∈K. Then G is
simply connected in K if and only if each G is simply connected in K.
Proof of Theorem 1. Suppose Lrst that  is universal. Let h : 2G → H be a homo-
morphism and suppose f :K → H is a traditional cover, where K;H ∈ K. Let f∗ :
K∗ → 2G be the pull-back of f (so f∗ is a traditional cover) and h∗ :K∗ → K be
the natural homomorphism (cf. [8, Appendix 2]). We have f ◦ h∗ = h ◦ f∗. Then
(K∗)e ∈K and we claim that the restriction f′ of f∗ to (K∗)e is surjective. In fact,
let  :L→ J be any epimorphism of compact groups. Then  induces an epimorphism
′ :L=Le → J=(Le) of compact quotient groups. Since L=Le is totally disconnected, its
topology has a basis of open subgroups, and therefore J=(Le) has the same property
and so is totally disconnected. Therefore, Je⊂ (Le). The opposite inclusion is trivial,
and this equality proves the claim.
Both f′ : (K∗)e → 2G and  ◦ f′ : (K∗)e → G are covers. Since  is universal there
exists a cover  : 2G → (K∗)e such that  ◦f′ ◦  =. Since f′ ◦  : 2G → 2G is a cover,
 ◦ f′ ◦  = , it follows from the uniqueness mentioned in Remark 1 that f′ ◦  is
the identity on 2G. DeLning h′:=h∗ ◦  we have f ◦ h′=f ◦ h∗ ◦  = h ◦f′ ◦  = h, and
we have shown 2G is simply connected in K. The converse statement is an immediate
consequence of Proposition 3 and the last part of Proposition 1.
According to Weil [15, p. 91], for G ∈ K there is a cover f: ∏ S × A → G,
where A is a compact, connected abelian group. By Proposition 5 we have a cover
- :	 → A. Letting . be the identity on ∏ S we can now let :=f ◦ (.× -) to obtain
a cover :
∏
S × 	 → G. We will be Lnished if we can show that
∏
S × 	 is
simply connected in K. We showed in [1], Section 7 that every simply connected (in
the traditional sense), connected Lie group is simply connected in T, and therefore
in K. By Lemma 1 and the Lrst part of the current theorem, we have reduced the
proof to showing that the projection s :	→ T is a K-universal covering epimorphism.
However, this follows from the second part of Proposition 4 and the deLnition of 	
(see Notation 1).
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Proof of Theorem 2. For details about proLnite completions, see [16]. We will show
here that 1(G) is abstractly isomorphic to a dense subgroup of the proLnite topological
group K1 (G); for a stronger variation of this result see Remark 4 below. Let 2Ga
denote the arcwise connected component of 2G. By Proposition 4, 2G is isomorphic to
lim←−(G; ), where the inverse limit is taken over all G ∈ K such that there is a
traditional cover  :G → G. Given any path * based at e, there is a unique lift *
of * in G based at e. By uniqueness, it follows that for any  ≤ ; (*) = *.
It now follows from the deLnition of the inverse limit (as a universal object) that
there is a unique lift 2* of * in 2G based at e. In a similar manner, any homotopy
of curves based at e has a unique lift to a homotopy of curves in 2G based at e.
If [*] denotes the homotopy equivalence class of a loop * : [0; 1] → G based at e,
then it now follows that the function  ([*]):= 2*(1) is a well-deLned homomorphism of
1(G) onto the topological group H :=K1 (G) ∩ 2Ga. Moreover, since every loop in 2G
is null-homotopic (this is true in each factor of 2G =
∏
S × 	, hence in 2G itself),  
is an (abstract) isomorphism. The proof will be Lnished when we show H is dense in
K1 (G).
For all ; , let  : 2G → G denote the natural projection and ′ denote the restric-
tion of  to ker . Since ker  = lim←−(ker ; 
′
), by the deLnition of the topology
of the inverse limit we need only show that for every ;  maps H surjectively onto
ker . To see why this is true, recall the well-known fact that for connected, com-
pact groups, arcwise connectedness and local arcwise connectedness are equivalent.
Since each  is a traditional cover (in particular a local homeomorphism) and G is
arcwise connected, each G is also arcwise connected. If x ∈ ker , choose a curve
* : [0; 1] → G from e to x. Then *:= ◦ * is a loop in G based at e and so lifts
uniquely to a curve 2* based at e in 2G with 2*(1) ∈ H . Now it follows from = ◦
that  ◦ 2* is a lift of * to G based at e; from uniqueness we have that  ◦ 2* = *.
In other words, ( 2*(1)) = x, and the proof is complete.
Remark 4. In [1] we constructed, for any topological group G, a uniquely determined
topological group G˜ and natural homomorphism 
 : G˜ → G, with various useful pro-
perties. If G is compact, by [2], Theorem 8, G˜ has the form
∏
S×R1 (see Notation 1),
and Corollary 85 of [1] implies that 1(G) is naturally identiLed with the prodiscrete
topological group 
. By Corollary 14 of [1], 2 : 2˜G →∏ S × 	 = 2G splits as a direct
product of the natural homomorphisms 2 : S˜ = S → S and 2* :R= 	˜ → 	. Here 2
is the identity on the simply connected Lie group S [1, Theorem 113], and 2* is the
usual bijective homomorphism of R onto the arcwise connected component of 	 [1,
Example 99]. In particular, 2 is injective. If  : 2G=
∏
S×	 → G is the K-universal
covering epimorphism, then since  is a cover, Proposition 88 of [1] implies that there
is a natural isomorphism between G˜ and 2˜G. In particular, =1 and (up to re-ordering)
the products
∏
S and
∏
S are identical. If we identify G˜ and 2˜G; 
 can be written
as a composition 
 =  ◦ 2 and 2(ker
)⊂ K1 (G) = ker . In fact, the uniqueness of
path liftings in G˜ and 2G shows that 2(ker
) coincides with the group H in the proof
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of Theorem 2, and so is dense in K1 (G). In other words, 
K
1 (G) is in fact a proLnite
completion of 1(G) with its natural prodiscrete topology (1(G) considered as ker
).
Proof of Theorem 3. The existence of 2 follows from the fact that 2G is simply
connected in K (Theorem 1) and Proposition 3. If  is a cover then  ◦  is a cover.
Since 2G is simply connected in K,  ◦ must be the K-universal cover of H . By the
uniqueness of the K-universal cover, 2 must be an isomorphism. Conversely, if 2 is
an isomorphism then  ◦  =  ◦ 2 is a cover. Therefore  is surjective, hence open,
and we need only show that ker  is prodiscrete. However, since  is a quotient map,
ker  is isomorphic to ker( ◦ )=ker , and since ker( ◦ ) is prodiscrete, so is ker  
(cf. [1, Lemma 6]).
3. Abelian case
We review a few facts from the theory of character groups (cf. [13,7,8]). Let A; B; C
be locally compact abelian groups. Then Bˆ is locally compact and the duality theorem
for locally compact groups states that ˆˆB is naturally isomorphic to B. Furthermore,
B is connected if and only if Bˆ is torsion free; B is compact if and only if Bˆ is
discrete; B is totally disconnected if and only if Bˆ is a torsion group. The dual of
an inverse limit of compact groups is the direct limit of their duals. In particular, the
dual of a direct product of compact groups is the direct sum of their duals. Given a
homomorphism f :A → B, there is a dual homomorphism fˆ : Bˆ → Aˆ that takes each
character  :B→ T to the character  ◦f :A→ T. We have [f ◦ g=gˆ◦fˆ (i.e. duality is
a contravariant functor), and f → fˆ is an isomorphism of Hom(A; B) onto Hom(Bˆ; Aˆ).
If 0 → A → B → C → 0 is exact then the dual sequence 0 → Cˆ → Bˆ → Aˆ → 0
is exact. We recall two speciLc examples. First, Tˆ = Z. From this example and our
previous comments about duals of direct products it follows that a compact group G is
a torus if and only if Gˆ is free. Second, Qˆ ≡ 	. To see why, recall that 	 is the inverse
limit of the system consisting of all possible covering epimorphisms of the circle T.
An n-fold cover T → T corresponds under duality to multiplication by n mapping Z
to nZ⊂Z. The direct limit of the resulting system is easily veriLed to be Q. As noted
in the introduction, there is a natural inclusion of A into the Q-vector space Q ⊗ A,
which is in turn isomorphic to the direct sum
⊕
∈[] Q of  copies of Q, where  is
the rank (i.e. the cardinality of any maximal independent subset) of A (cf. [5]).
Proposition 5 (Glushkov [6]). If A is a compact; connected abelian group then there
is a cover - :	 → A; where  is the rank of Aˆ.
Proof of Theorem 4. We have an exact sequence 0→ Gˆ → (Q⊗Gˆ)→ (Q⊗Gˆ)=Gˆ → 0,
where Q⊗ Gˆ is isomorphic to ⊕∈[] Q and (Q⊗ Gˆ)=Gˆ is a torsion group. The dual
exact sequence is 0→ K → 	 → G → 0, where K=(Q⊗̂Gˆ)=Gˆ is totally disconnected.
Then the homomorphism  :	 → G from the previous sequence is a cover, and since
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 is simply connected in K, Theorem 1 implies that  is (up to isomorphism) the
K-universal cover of G. Therefore K = ker  is isomorphic to K1 (G).
Proof of Theorem 5. The exactness of the top row of the diagram is standard from
homological algebra (since every compact, connected group is divisible). The bottom
row is exact because K1 (G) is by deLnition ker , and  is surjective.
Note that if H;K are topological groups and H is discrete then Hom(H;K) is ab-
stractly isomorphic to the abstract group of all abstract homomorphisms from H into
K . For any abstract abelian groups A; B; C there is a well-known abstract isomorphism
f :Hom(A;Hom(B; C))→ Hom(A⊗B; C) given by f()(a⊗b)=[(a)](b) for any  ∈
Hom(A;Hom(B; C)) and a ∈ A; b ∈ B. We Lrst claim that this abstract isomorphism is
a topological isomorphism if C is any topological group, and A; B, and A⊗B are consid-
ered as discrete groups. Every compact neighborhood of e in a discrete group D consists
of a Lnite subset {e; d1; : : : ; dn} of D. Therefore a basis element of the topology of
Hom(A;Hom(B; C)) at e is determined by some {a1; : : : ; an}⊂A; {b1; : : : ; bk}⊂B, and
an open neighborhood U of e in C, namely it is the set of all  ∈ Hom(A;Hom(B; C))
such that for each ai ∈ {a1; : : : ; an}; bj ∈ {b1; : : : ; bk}, [(ai)](bj) ∈ U . Writing out
a similar description of a basis element for the topology of Hom(A ⊗ B; C) at e now
makes it easy to verify that f is in fact a homeomorphism.
We now deLne f2 :Hom(Q; G)→ 2G as the following sequence of isomorphisms:
Hom(Q; G)≡Hom(Q; ˆˆG) = Hom(Q; Hom(Gˆ;T)):
≡Hom(Q⊗ Gˆ;T) = [Q⊗ Gˆ = 2G
where each equality is simply the deLnition, the Lrst isomorphism is induced by Pon-
tryagin duality, and the second isomorphism is described in the previous paragraph. In
other words,
f2( )(q⊗ 1) = 1( (q)) for q⊗ 1 ∈ Q⊗ Gˆ;  ∈ Hom(Q; G):
The homomorphism  coincides with - from Proposition 5, and so is dual to the
inclusion . : Gˆ → Q ⊗ Gˆ; for 1 ∈ Gˆ and  0 ∈ 2G; 1(( 0)) =  0(1⊗ 1). Then for any
1 ∈ Gˆ, 1((f2( )))=f2( )(1⊗1)=1( (1)), i.e., (f2( ))= (1)=f3( |Z)=f3(′( )).
Therefore ◦f2=f3◦′. We can now deLne f1 to be the restriction of f2 to Hom(P;G).
A diagram chase shows that f1 is a topological isomorphism.
The proof of the next proposition is known (cf. [8]), and follows easily by applying
duality to a free subgroup of Aˆ of rank .
Proposition 6. For any abelian A ∈K of dimension  there is a cover  :A→ T.
Combining the previous proposition with Theorem 1 we see that every compact
connected abelian group is in some sense intermediate (via covers) between two par-
ticularly simple groups: 	 → G → T.
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Proof of Theorem 6. We know from Proposition 6 that there is a cover  :G → T,
where =dimG. By Proposition 2, G is isomorphic to lim←−(G=K; ), where {K} is
the collection of all open subgroups of ker  and  is the natural homomorphism, for
K⊂K. In particular, each group G=K is a connected compact group of dimension 
(by Corollary 1) and the natural epimorphism  :G=K → T has compact and discrete
(hence Lnite) kernel. Then if F denotes [G=K; [F : T̂] is Lnite. To show G=K is a
torus, we need to show F is free. Since [F : T̂]¡∞, nF ⊂ T̂ for some n. It is
well-known that a subgroup of a free abelian group is free, so nF is free. Since F is
torsion free, nF is isomorphic to F , and so F is free. If G is metrizable then we can
take a countable basis for its topology at e. We can then take the family {K} to be
countable, and then (using Lnite intersections) take it to be nested. The corresponding
inverse limit will be of the type required by the statement of the theorem.
4. Examples and problems
Example 1. From Corollary 3 it follows that K1 (T) ≡ Hom (Z;
∏
p∈P Zp) ≡
∏
p∈PZp.
From Lemma 1 and the uniqueness of the simply connected=universal cover it follows
that for compact connected groups G;
∏
G ≡
∏ 2G and K1 (
∏
G) ≡
∏
K1 (G).
Therefore K1 (T) ≡ (
∏
p∈P Zp).
Example 2. Note that if 	2 denotes the 2-adic solenoid, then 1(	2) = e= 1(	). On
the other hand, one can show that K1 (	2) ≡
∏
p =2 Zp = e = K1 (	). Note also that
K1 (	2) is certainly not the (trivial) proLnite completion of 1(	2).
Example 3. Let  :	 → T be the K-universal covering epimorphism. Let Hp be
a proper closed subgroup of Zp; then Hp is isomorphic to Zp (cf. [11]). Then the
subgroup H :=
∏
p∈P Hp is a closed, not open, subgroup of ker . Therefore there is
a covering  :K :=	=H → T with prodiscrete, not discrete, kernel. Since every totally
disconnected closed subgroup of a Lie group must be discrete, we conclude that K is
not a circle, and so 1(K) = e = 1(T), but K1 (K) = H ≡ ker  ≡ K1 (T).
Problem 1. In Theorem 2; is K1 (G) “ the” proLnite completion of 1(G); i.e.; is
K1 (G) the inverse limit of all Lnite quotients of 1(G)?
Problem 2. Is the converse of Theorem 2 true? There are various ways to interpret
this question. Most strongly, one can simply ask whether G must be arcwise connected
whenever the abstract group 1(G) is abstractly isomorphic to a dense subgroup of
K1 (G). Alternatively, we can ask: If 1(G) with its natural prodiscrete topology (see
Remark 4) injects (continuously) as a dense subgroup of K1 (G); must G be arcwise
connected? Two additional variations of this question arise from considering “the”
proLnite completion of 1(G) (see the previous problem).
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Problem 3. In [4] it is proved that the dual group H of the discrete group ZN is
a (compact, connected) group that is locally connected but not arcwise connected. It
would be interesting to understand the relationship between 1(H) and K1 (H). See
[2] for a discussion of this group in relation to covering group theory, which leads
to a rather interesting inverse system of locally compact groups (Theorem 9, [2]); a
restriction of this inverse system has 1(H) as its inverse limit.
Problem 4. How are the four invariants dimG; 0(G); 1(G); and K1 (G) related to
one another and the topological structure of a compact, connected, abelian group G?
By 0(G) we mean the quotient G=Ga of G with respect to its arcwise connected
component Ga. In general we have the following homomorphisms (see Remark 4):

 : G˜ → G;  : 2G → G (a cover), 2 : G˜ → 2G (an injection) and  :G → 0(G); with
1(G) = ker
; K1 (G) = ker ; and 
 =  ◦ 2 (which implies 2(1(G))⊂ K1 (G)).
Furthermore, the sequence G˜ → G → 0(G)→ 0 is exact (Theorem 7 of [2]).
Problem 5. If G ∈K; can 2G be characterized as the group G1 ∈K with the following
properties: There is an injective continuous homomorphism onto a dense subgroup
 : G˜ → G1; and for every such homomorphism  : G˜ → G2 (G2 ∈ K) there is a
unique homomorphism * :G1 → G2 such that = * ◦ ? If so, can the word “injective”
be removed from the above statement?
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